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Abstract: We show that short-length probabilistic shaping reduces nonlinear interference
in optical fiber transmission. SNR improvements of up to 0.8 dB are obtained. The shaping
gain vanishes when interleaving is employed and not undone before transmission.
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1. Introduction
Probabilistic shaping (PS) is a widely employed technique to achieve signal-to-noise ratio (SNR) gains of more
than 1 dB for high-order quadrature amplitude modulation (QAM) and to enable rate adaptivity with fixed QAM
order and forward error correction (FEC) overhead. Probabilistic amplitude shaping (PAS) has become the de-
facto standard to realize PS [1]. The effect of PAS on nonlinear interference (NLI) in optical fiber transmission has
attracted particular attention (see e.g. [2–4]). Typically, the shaped signaling scheme was emulated by randomly
drawing QAM symbols according to the desired shaped distribution, neglecting the influence of the distribution
matcher (DM) that maps uniform bits to shaped amplitudes.
Recent simulations [5] and experiments [6] found that the effective SNR after fiber transmission and digital
signal processing (DSP) increases when the block length of the employed DM scheme is reduced. Such an ef-
fect had not been observed before, mainly due to random-draw based PAS emulation technique used previously.
The block-length dependence of SNR has been studied in detail in [7] for variable-length outputs of a constant-
composition DM (CCDM) [1, Sec. V]. It was found that temporal properties of the QAM transmit sequence that
are guaranteed to occur for short CCDM outputs yet not for long blocks lead to NLI mitigation. This effect is
related to previous theoretical work on shaping for the nonlinear fiber channel predicting larger gains than for a
linear channel [8] and also to temporal PS over a few time slots [9, 10].
In this manuscript, temporal shaping effects are studied that are inherently introduced by short-length PS, ex-
tending previous work on the subject [7]. We observe a mitigation of NLI and thus significant SNR improvements
in fiber simulations for shaped and also for uniformly distributed QAM sequences that are generated by a CCDM.
These improvements are only present in end-to-end simulations in which the DM is fully implemented, and not
when the PAS framework is just emulated. To exploit the shaping gains, correlations within the QAM transmit
sequences must be preserved and any interleaving must be avoided or undone before transmission.
2. Probabilistic amplitude shaping: End-to-end vs. emulation
Figure 1 shows the key blocks for PS signaling in simulations or equivalently in experiments. Depicted on the left
is an end-to-end setup with a full PAS encoder and decoder [6]. The encoder comprises the amplitude shaping
block (in our case a CCDM) that maps uniform data bits to shaped amplitudes, as well as one or more systematic
FEC encoders that preserve the information bit sequences at their respective outputs. In the considered case of
a concatenated two-stage FEC, a burst interleaver is required between the inner and outer FEC to spread an
unsuccessfully decoded inner FEC codeword over several outer codewords. The inner FEC output is mapped to
shaped QAM symbols x, which are again interleaved to achieve polarization- and phase-diversity as proposed for
400ZR [11]. The sequences are then sent over an optical system comprising the transmitter, the fiber link, and
the receiver including DSP. After symbol deinterleaving, log-likelihood ratios (LLRs) are computed in the PAS
decoder and used for decoding of the inner code. The output is deinterleaved, decoded, and an inverse CCDM
recovers the initially sent data bits.
A greatly simplified setup for emulating PS signaling is shown on the right of Fig. 1. The entire PAS encoder
is emulated by a single block that performs sampling with replacement, i.e., the QAM symbols x are randomly
drawn according to the target distribution PX without including the CCDM or the FEC. The transmit sequence
is sent over the same optical system as above. After DSP, performance metrics are evaluated, e.g. by computing
SNR or achievable information rates (AIRs). This emulation approach ignores the underlying coded modulation
architecture for realizing PS signaling, as it omits several key building blocks. Nonetheless, it has proven useful
for studying the impact of shaped QAM signaling on various blocks of an optical communication system, such
as the digital-to-analog converter, fiber nonlinearities, or the receiver DSP. Certain nonlinear effects that lead to a
block-length dependent SNR, though, are not captured by this emulation, as we will show in the following.
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Fig. 1: Block diagrams of PAS transmission systems. Left: End-to-end (E2E) implementation with
PAS encoder and decoder. Two interleavers are included, as proposed for 400ZR [11]. Note that the
outer FEC and the interleavers (hatched blocks) are often omitted in E2E implementations. Right:
Emulation with QAM symbols directly drawn according to the desired shaped distribution PX .
3. Numerical Simulations
3.1. Setup
We numerically study the effects of short-length PS on the SNR and on AIRs after fiber transmission by comparing
different CCDM block lengths. The outer FEC is not included in the simulations as it does not affect the presented
analysis. The simulated length of QAM symbols x is 324000 symbols per polarization, corresponding to 30 or 20
FEC blocks (each of length 64800 bits) for 64QAM and 16QAM, respectively. Encoding is carried out with DVB-
S2 LDPC codes. Each inner FEC block consists of several CCDM blocks whose length is varied from n= 10 up to
n= 5000 amplitude symbols. The shaped amplitude distribution of 16QAM and 64QAM is fixed to [0.7,0.3] and
[0.4,0.3,0.2,0.1], respectively. With this setup, all QAM transmit sequences have the same average distribution—
the only difference is the length of the CCDM blocks that constitute that overall sequence. This approach allows
to evaluate the effect of varying the DM block length on fiber NLI in an isolated manner.
For optical transmission, an idealized dual-polarization multi-span wavelength division multiplexing (WDM)
fiber system is simulated. The shaped sequences in both polarizations are generated from independent random
data, and each WDM channel is modulated individually. Two WDM setups with similar overall bandwidth are
considered, comprising either 7 channels with 42 GBd symbol rate on a 50 GHz grid, or 5 channels at 64 GBd
on a 75 GHz grid. The optimal per-channel transmit powers are 1 dBm and 2 dBm, respectively. When explicitly
stated, a burst interleaver randomly permutes the information bits within each FEC block, and a symbol interleaver
shuffles the QAM symbols. After root-raised cosine pulse shaping with 10% rolloff, the dual-polarization WDM
signal is transmitted over 10 spans of 80 km standard single-mode fiber (α = 0.2dB/km, γ = 1.37 1/W/km, D =
17 ps/nm/km). The entire span loss of 16 dB is compensated by an Erbium-doped fiber amplifier with 6 dB noise
figure. Signal propagation over the fiber is simulated with the split-step Fourier method with 100 m step size. At
the receiver, the center channel is ideally filtered using a matched filter, chromatic dispersion is compensated, and
the nonlinearity-induced constant phase rotation is ideally compensated. Ten simulation runs are carried out for
each setup and the considered figures of merit are averaged over all runs.
The effective SNR, averaged over both polarizations, is estimated from the unit-energy transmitted data x and
the received symbols y as 1/var(y− x) where var(·) denotes variance. By considering the SNR only, the finite-
length DM rate loss and the throughput improvement from PS are not considered. To take them into account, the
AIRs for bit-metric decoding (BMD) and for a finite-length DM of length n is computed as [12, Appendix]
AIRn = [H(C)−∑mi H(Ci|Y )]−Rloss,n. (1)
The first part is the BMD rate with C = (C1, . . . ,Cm) representing the m coded bit levels of the considered QAM
format, H(·) denoting entropy and the channel output being Y . The rate loss Rloss,n is defined as the amplitude
entropy minus the DM rate and in general decreases with n [1]. We note that AIRn of (1) is achievable with a
finite-length DM that has rate loss Rloss,n and with capacity-achieving FEC. If an actual FEC is implemented, the
required SNR for successful decoding will be decreased by approximately the FEC coding gap [12].
3.2. Results
In Fig. 2, the effective SNR in dB versus the CCDM block length n in amplitude symbols is evaluated. Shown in
Fig. 2 a) is the E2E implementation without the interleavers. We observe that the effective SNR varies significantly
with n. For 64QAM at 42 GBd, the SNR difference between n = 10 and n = 5000 is 0.8 dB, which is due to the
mitigation of NLI at short n, as apparent from the constellations after DSP (insets). The reason for this effect is
that certain sequences are impossible to occur when the overall transmit sequence consists of many short CCDM
blocks. Recall that the constant-composition principle requires that every amplitude must occur a fixed number of
times in a DM codeword. Thus, long runs of identical symbols are prohibited for short-length DM, or, equivalently,
a temporal structure is inherently imposed in the output by short DMs, which is not guaranteed for long blocks.
As an example, consider a CCDM with n = 10 and the amplitude distribution [0.4,0.3,0.2,0.1] used for shaped
64QAM. The high-energy symbol (having probability 0.1) must occur exactly once every ten amplitudes. Also,
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Fig. 2: Effective SNR vs. CCDM length n. a) Shaped QAM with end-to-end (E2E) implementation
without interleaving. b) E2E with interleaving c) E2E for uniform QAM generated by a CCDM.
there cannot be more than 8 consecutive occurrences of the low-energy symbol, which would be the case if one DM
codeword ended with four occurrences of that amplitude and the next one began with this identical-amplitude run.
In Fig. 2 b), the full E2E setup is simulated, now including the interleavers. We observe that the effective SNR
is approximately constant over n for all QAM formats and symbol rates because any temporal structure in the
transmit sequence is broken up by the interleavers. When the entire PS system is emulated by directly generating
the QAM symbols, no difference to E2E with interleaving is found (hence curves not depicted in Fig. 2 b). We
note that any interleaving must be reversed before transmission in order to achieve temporal shaping gains. The
operation of the burst interleaver can simply be undone after encoding and re-performed before decoding. The
symbol interleaver, however, would have to be eliminated to preserve the NLI-mitigating properties, thereby losing
diversity. To highlight that the NLI mitigation is indeed the result of correlations in the transmit sequences, we
simulated the E2E setup without interleaving for uniform QAM generated with a CCDM. Although practically
not very relevant due to the rate loss, the block-length dependence of SNR for uniform QAM, shown in Fig. 2 c),
demonstrates that it is indeed the temporal structure induced by short-length CCDM that leads to NLI mitigation.
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Fig. 3: Achievable information rate AIRn for
shaped 64QAM vs. CCDM block length n.
In Fig. 3, the finite-length-DM AIRn in bits per 4D-symbol
[b/4D] is shown versus n for 64QAM and the E2E setups. When
the interleavers are omitted, a maximum AIR of 11.16 b/4D is ob-
tained at approximately 500 symbols where an optimal trade-off is
achieved between short-length SNR improvement and rate loss re-
duction at large n. Note that the AIR optimum is more pronounced
for advanced amplitude shapers that have a steeper rate loss de-
crease with n [5, Fig. 7]. For blocks shorter than the optimum,
the increased rate loss dominates over the SNR gains. At above-
optimum n, the AIR is slightly reduced because of the smaller
SNR gain, even though Rloss is also decreased. Further shown in
Fig. 3 is the AIR with interleaving. Since the SNR is approxi-
mately constant (see Fig. 2 b), larger n always gives higher AIRs.
4. Conclusions
We have shown in extensive fiber simulations that a short-length CCDM can give SNR improvements of up to
0.8 dB by introducing temporal structure in the transmit sequences that effectively mitigates fiber nonlinearities.
This effect is present in end-to-end implementations of both shaped and uniform QAM with the DM included,
yet cannot be observed when the PAS architecture is emulated only. The corresponding AIR improvements are
rather small due to the large CCDM rate loss at short blocks. We have demonstrated that the NLI mitigation effect
and related SNR gains can be destroyed if interleavers are employed and their operation is not reverted before
transmission. Hence, CCDM-induced correlations must be preserved in order to achieve temporal shaping gains.
The work has been partially funded by the German Ministry of Education and Research in the projects SpeeD (#13N1374) and PEARLS (#13N14937).
References
1. G. Bo¨cherer et al., “Bandwidth efficient and rate-matched low-density parity-check coded ...,” IEEE Trans. Comm., 63(12), 2015.
2. T. Fehenberger et al., “On probabilistic shaping of quadrature amplitude modulation for the nonlinear fiber ...,” JLT, 34(22), 2016.
3. J. Renner et al., “Experimental comparison of probabilistic shaping methods for unrepeated fiber transmission,” JLT, 35(22), 2017.
4. E. Sillekens et al., “A simple nonlinearity-tailored probabilistic shaping distribution for square QAM,” OFC, Paper M3C.4, 2018.
5. A. Amari et al., “Introducing enumerative sphere shaping for optical communication systems with short ...,” arXiv:1904.06601, 2019.
6. S. Goossens et al., “First experimental demonstration of probabilistic enumerative sphere shaping in ...,” arXiv:1908.00453v2, 2019.
7. T. Fehenberger et al., “Analysis of nonlinear fiber interactions for finite-length constant-composition sequences,” JLT, 2019.
8. R. Dar et al., “On shaping gain in the nonlinear fiber-optic channel,” International Symposium on Information Theory (ISIT), 2014.
9. M. P. Yankov et al., “Temporal probabilistic shaping for mitigation of nonlinearities in optical fiber systems,” JLT, 35(10), 2017.
10. O. Geller et al., “A shaping algorithm for mitigating inter-channel nonlinear phase-noise in nonlinear fiber systems,” JLT, 34(16), 2016.
11. I. Lyubomirsky et al., “400GBASE-ZR PCS/PMA baseline proposal,” IEEE P802.3cn Task Force Meeting, 2019.
12. T. Fehenberger et al., “Multiset-partition distribution matching,” IEEE Trans. Comm., 67(3), 2019.
